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Abstract
Galilean conformal algebras can be constructed by contracting a finite number of conformal
algebras, and enjoy truncated Z-graded structures. Here, we present a generalisation of the Galilean
contraction procedure, giving rise to Galilean conformal algebras with truncated Z⊗σ-gradings,
σ ∈ N. Detailed examples of these multi-graded Galilean algebras are provided, including extensions
of the Galilean Virasoro and affine Kac-Moody algebras. We also derive the associated Sugawara
constructions and discuss how these examples relate to multivariable extensions of Takiff algebras.
We likewise apply our generalised contraction prescription to tensor products of W3 algebras and
obtain new families of higher-order Galilean W3 algebras.
LAPTH-004/20
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1 Introduction
The Galilean Virasoro algebra appears in studies of asymptotically flat three-dimensional spacetimes,
see [1] and references therein, and can be constructed [2–6] as a contraction of a pair of Virasoro
algebras. Similarly, the Galilean W3 algebra [7–11] follows by contracting a pair of W3 algebras, while
more general Galilean conformal algebras with extended symmetries have been constructed in [9,11,12]
and are known as Galilean W -algebras. Non-relativistic systems with (typically non-affine) conformal
symmetry were previously studied in [13–19].
Following ideas put forward in [11], higher-order Galilean contractions were developed in [20], gen-
eralising the contraction procedure from pairs of symmetry algebras (or equivalently vertex algebras)
to any finite number of symmetry algebras (or vertex algebras). In the case of Virasoro or affine Kac-
Moody, the usual second-order Galilean algebras have been found [20] to be isomorphic to the Takiff
algebras [21] considered in [22, 23], while the higher-order counterparts provide Nth-order generalisa-
tions (where N is the number of inputted symmetry algebras A). These higher-order Galilean algebras
thus enjoy a truncated Z-grading whose truncation is determined by the order N of the contraction.
Here, we modify the higher-order contraction procedure to let it depend on a factorisation of N ,
where N = N1, . . . , Nσ is a finite sequence of positive integers such that N = N1 . . . Nσ. We thus
organise the N -fold tensor product A⊗N in terms of Nℓ-fold tensor-product factors,
A⊗N =
(
A⊗N1
)
⊗ . . .⊗
(
A⊗Nσ
)
, (1.1)
and apply the higher-order contraction prescription of [20] to the factors ‘simultaneously’. We find
that the ensuing Galilean algebra, ANG , is Z
⊗σ-graded, truncated according to the sequence N1, . . . , Nσ.
Because of this graded structure, we refer to the generalised contraction as multi-graded contraction.
We also observe that the contractions are independent of the ordering of the factors in the factorisation
of N . In case the mode algebra underlying A is a Lie algebra, we find that ANG is isomorphic to a
multivariable generalisation of the Takiff algebras discussed in [20], with the number of variables given
by the length σ of the contraction sequence N.
In Section 2, we outline the multi-graded contraction procedure and illustrate it by working out
the corresponding Galilean Virasoro and affine Kac-Moody algebras. We also discuss the ensuing
grading structures and relate the corresponding Galilean algebras to a multivariable generalisation
of the Takiff algebras. In Section 3, we construct a Sugawara operator for each of the multi-graded
Galilean Kac-Moody algebras; its central charge is given by the product of the contraction order N and
the dimension of the underlying Lie algebra. We also show that the Sugawara construction commutes
with the contraction procedure. In Section 4, we apply multi-graded contractions to the W3 algebra
and thereby obtain a new class of Galilean W3 algebras. Section 5 contains some concluding remarks.
2 Contraction procedure
We find it advantageous to describe the multi-graded contractions and ensuing algebras in the language
of operator-product algebras (OPAs), and refer to [11, 24] for details on the structure of an OPA. We
say that an OPA is of Lie type if the corresponding mode algebra is a Lie algebra, as is the case for
the Virasoro and Kac-Moody algebras. Throughout, I denotes the identity field and ∆A the conformal
weight of the scaling field A.
2.1 Star relations in OPAs
For the space of quasi-primary fields in the OPA A, we let BA denote a basis consisting of quasi-primary
fields only. Only keeping the non-singular terms, the operator-product expansion of A,B ∈ BA can
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then be expressed as
A(z)B(w) ∼
∑
Q∈BA
CQA,B
∆A+∆B−∆Q∑
n=0
β
∆Q;n
∆A,∆B
∂nQ(w)
(z − w)∆A+∆B−∆Q−n
 , (2.1)
with structure constants CQA,B ∈ C and
β
∆Q;n
∆A,∆B
=
(∆A −∆B +∆Q)n
n!(2∆Q)n
, (x)n =
n−1∏
j=0
(x+ j). (2.2)
Convenient for our purposes, the essential part of the operator-product expansion (2.1) is synthesised
in the so-called star relation
A ∗B ≃
∑
Q∈BA
CQA,B{Q}, (2.3)
where {Q} represents the sum over n displayed in (2.1).
For example, the Virasoro algebra Vir of central charge c is of Lie type and generated by T , with
star relation
T ∗ T ≃ c2{I}+ 2{T}. (2.4)
Likewise, the nontrivial star relations in an affine Kac-Moody algebra ĝ are given by
Ja ∗ Jb ≃ κabk {I} + fabc{J
c}, (2.5)
where fabc ∈ C are structure constants, k ∈ C the level and κ the Killing form of the underlying finite-
dimensional complex Lie algebra g. As is customary, we do not display summations over repeated
group indices, here the summation over c ∈ {1, . . . ,dim g}. We note that ĝ is of Lie type.
2.2 Higher-order contractions
Higher-order Galilean contractions were developed in [11]. Here, we recast them in a notation suitable
for their multi-graded generalisation introduced in Section 2.3. Thus, for N ∈ N, let
A⊗N =
N−1⊗
i=0
A(i), (2.6)
where A(0), . . . ,A(N−1) are copies of the same OPA A, up to the values of their central parameters
(such as central charges or levels). In effect, we are viewing the central parameters of A as independent
indeterminants. We then write
A∗ =
 A(0)...
A(N−1)
 , c∗ =
 c(0)...
c(N−1)
 , (2.7)
where A(i) (respectively c(i)) denotes the field A ∈ A(i) (respectively a central parameter of A(i)). For
ǫ ∈ C, we also let
UN (ǫ, ω) = DN (ǫ)UN (ω), DN (ǫ) = diag(ǫ
0, ǫ1, . . . , ǫN−1) (2.8)
and
UN (ω) =
(
ωij
)
0≤i,j≤N−1
=

ω0 ω0 · · · ω0
ω0 ω1 · · · ωN−1
...
...
. . .
...
ω0 ωN−1 · · · ω(N−1)
2
 , (2.9)
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where ω is the principal Nth root of unity,
ω = e2πi/N . (2.10)
It follows that (for ǫ 6= 0)
D−1N (ǫ) = DN (ǫ
−1), U−1N (ω) =
1
NUN (ω
−1). (2.11)
Thus, with
Aǫ =
 A0,ǫ...
AN−1,ǫ
 = UN (ǫ, ω)A∗, cǫ =
 c0,ǫ...
cN−1,ǫ
 = UN (ǫ, ω)c∗, (2.12)
the map
A⊗N → A⊗N , A∗ 7→ Aǫ, c∗ 7→ cǫ, (2.13)
is invertible for ǫ 6= 0. For ǫ = 0, on the other hand, the map is singular (unless N = 1). If a
well-defined OPA arises in the limit ǫ→ 0, where
Aǫ → A =
 A0...
AN−1
 , cǫ → c =
 c0...
cN−1
 , (2.14)
the ensuing algebra is known [11] as the N th-order Galilean OPA ANG . Note that A
1
G
∼= A. For small
N , the Galilean Virasoro algebras VirNG also appeared in [25].
2.3 Generalised higher-order contractions
Fix σ ∈ N. As in Section 1, we denote complex-number sequences of length σ by S = S1, . . . , Sσ etc,
with 0 = 0, . . . , 0 the zero sequence. Linear combinations are readily formed
α i+ β j = αi1 + βj1, . . . , αiσ + βjσ, α, β ∈ C, (2.15)
and two sequences can be compared as
i ≤ j if i1 ≤ j1, . . . , iσ ≤ jσ; i < j if i1 < j1, . . . , iσ < jσ. (2.16)
If every element of S is nonzero, we let S−1 denote the sequence S−11 , . . . , S
−1
σ .
The set
IN = {i ∈ Z
⊗σ |0 ≤ i <N} (2.17)
of integer sequences bounded strictly by N admits the canonical order where i appears before j if and
only if for each m such that im > jm there exists ℓ < m such that iℓ < jℓ. This corresponds to the usual
ordering of basis vectors for the tensor product space V = V1⊗ . . .⊗Vσ, where, for each ℓ ∈ {1, . . . , σ},
Vℓ is an Nℓ-dimensional vector space with ordered basis {e
ℓ
1, . . . , e
ℓ
Nℓ
}. That is, in the N -vector formed
by the components {vi |0 ≤ i < N} in the decomposition
v =
∑
0≤i<N
viei ∈ V, (2.18)
the components are ordered according to the canonical ordering of the multi-indices i. For example,
for N = 2, 3, the components are ordered as
v0,0, v0,1, v0,2, v1,0, v1,1, v1,2. (2.19)
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Using the same ordering prescription, we now form the N -dimensional vectors
A∗ =
(
A(i)
)
0≤i<N
, c∗ =
(
c(i)
)
0≤i<N
, (2.20)
where A(i) (respectively c(i)) denotes the field A ∈ A(i) (respectively a central parameter of A(i)). With
ω = ω1, . . . , ωσ, ωℓ = e
2πi/Nℓ , ℓ = 1, . . . , σ, (2.21)
and for
ǫ = ǫ1, . . . , ǫσ, ǫℓ ∈ C, ℓ = 1, . . . , σ, (2.22)
we also introduce
UN(ǫ,ω) = UN1(ǫ1, ω1)⊗ . . .⊗ UNσ(ǫσ, ωσ) = DN(ǫ)UN(ω), (2.23)
where
DN(ǫ) = DN1(ǫ1)⊗ . . . ⊗DNσ(ǫσ), UN(ω) = UN1(ω1)⊗ . . .⊗ UNσ(ωσ). (2.24)
The map
A⊗N → A⊗N , A∗ 7→ Aǫ =
(
Ai,ǫ
)
0≤i<N
= UN(ǫ,ω)A∗, c∗ 7→ cǫ =
(
ci,ǫ
)
0≤i<N
= UN(ǫ,ω)c∗,
(2.25)
is invertible if and only if ǫ1, . . . , ǫσ 6= 0, in which case
U−1N (ǫ,ω) =
1
NUN(ω
−1)DN(ǫ
−1). (2.26)
If a well-defined (Nth-order Galilean) OPA arises in the limit ǫ→ 0, where
Aǫ → A, cǫ → c, (2.27)
we denote it by ANG .
For UN(ǫ,ω) invertible, using
Nℓ−1∑
n=0
ωnkℓ = Nℓδk,0 mod Nℓ , ℓ = 1, . . . , σ, (2.28)
we see that, for 0 ≤ i, j,m < N,∑
0≤k<N
UN(ǫ,ω)i k UN(ǫ,ω)j k UN(ǫ
−1,ω−1)km = Nδm,i+j. (2.29)
In Section 2.4, we use this result to determine the structure of ANG for A of Lie type.
2.4 Multi-grading
Still treating central parameters as indeterminants, we assign the following grades to the generators
and parameters of the Galilean algebras:
gr : ANG → IN, Ai 7→ i, ci 7→ i. (2.30)
The action of gr is then extended linearly and to rational functions of the central parameters and
normal-ordered products and derivatives of the fields, with gr(∂) = 0, so that, for instance,
gr
(
c0,0∂B3,1 − 35
c1,1c2,1 + 4c3,2
c1,4
(A0,1B1,2)
)
= 3, 1. (2.31)
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We say the algebra is multi-graded if the grading is compatible with the product structure of operator-
product expansions, in the sense that
gr(Ai ∗Bj) = i+ j. (2.32)
A priori, it is not guaranteed that all terms appearing in the decomposition of Ai∗Bj have a well-defined
grade, let alone the same grade. However, as we will argue, all Galilean algebras of the type ANG are,
in fact, multi-graded. Moreover, the grading is finitely truncated by N in the sense that Ai ∗ Bj = 0
unless i+ j < N.
Let A,B ∈ BA and consider the star relation (2.3). If A is of Lie type, then the only structure
constants CQAB that can depend on central parameters have Q = I, as in (2.4) and (2.5). To indicate
this, we write
A ∗B ≃ CIA,B(c){I} +
∑
Q∈BA\{I}
CQA,B{Q}, (2.33)
where CIA,B(c) is linear in c,
CIA,B(c) = fA,B c, fA,B ∈ C, (2.34)
while CQA,B is independent of c for all Q ∈ BA\{I}. From (2.29), it follows that
Ai,ǫ ∗Bj,ǫ = fA,B ci+j,ǫ{I}+
∑
Q∈BA\{I}
CQAB{Qi+j,ǫ}, (2.35)
so, in the Galilean algebra ANG ,
Ai ∗Bj = fA,B ci+j{I}+
∑
Q∈BA\{I}
CQAB{Qi+j} =
∑
Q∈BA
CQAB{Qi+j}. (2.36)
Thus, ANG is multi-graded if A is of Lie type.
The nonlinearity of an OPA that is not of Lie type obscures the question of its grading structure,
as witnessed in sections 3 and 4. However, as already indicated, all the Galilean algebras we have
analysed are nevertheless multi-graded in the sense outlined above.
Virasoro algebras: The multi-graded Galilean Virasoro algebra VirNG is generated by the fields
{Ti |0 ≤ i < N} and has central parameters {ci |0 ≤ i < N}, with star relations given by
Ti ∗ Tj ≃
{ ci+j
2 {I} + 2{Ti+j}, i+ j <N,
0, otherwise.
(2.37)
Note that T0 generates a subalgebra isomorphic to Vir with central charge c0, and that, for every i, Ti
is quasi-primary with respect to T0.
Affine Kac-Moody algebras: The multi-graded Galilean Kac-Moody algebra ĝNG is generated by
{Jai | a = 1, . . . ,dim g; 0 ≤ i < N}, with nontrivial star relations
Jai ∗ J
b
j ≃ κ
abki+j{I}+ f
ab
c{J
c
i+j}, i+ j < N. (2.38)
Note that {Ja0 | a = 1, . . . ,dim g} generates a subalgebra isomorphic to ĝ at level k0.
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2.5 Permutation invariance
In all the Galilean algebras we have analysed, we observe that
Ai ∗Bj ≃ Ai′ ∗Bj′ if i+ j = i
′ + j′. (2.39)
Together with the grading property, this implies that all inequivalent decompositions of star relations
arise as A0 ∗ Bj for some A,B ∈ A and 0 ≤ j < N. It also implies that the multi-graded contraction
procedure is independent of the ordering of the elements in the contraction sequence. That is,
ANG
∼= A
π(N)
G , π(N) = Nπ1 , . . . , Nπσ , (2.40)
where π = π1, . . . , πσ is a permutation of the integers 1, . . . , σ. Moreover, as the tensorial structure of
the contraction process ensures that
AN1,N2G
∼= (AN1G )
N2
G , (2.41)
we see that
(. . . ((AN1G )
N2
G ) . . .)
Nσ
G
∼= A
N1,...,Nσ
G
∼= A
Nπ1 ,...,Nπσ
G
∼= (. . . ((A
Nπ1
G )
Nπ2
G ) . . .)
Nπσ
G . (2.42)
2.6 Multivariable Takiff algebras
For some Rℓℓ′ ∈ R, ℓ, ℓ
′ = 1, . . . , σ, we let N→∞ denote the limit where
Nℓ →∞,
Nℓ
Nℓ′
→ Rℓℓ′ , ℓ, ℓ
′ = 1, . . . , σ. (2.43)
In this limit, the algebra ĝNG becomes ĝ
∞
G generated by {J
a
i | a = 1, . . . ,dim g; i ≥ 0}, with nontrivial
star relations
Jai ∗ J
b
j ≃ κ
abki+j{I} + f
ab
c{J
c
i+j}. (2.44)
This Z⊗σ-graded algebra is seen to be isomorphic to a multivariable polynomial ring,
ĝ∞G
∼= ĝ⊗ C[t1, . . . , tσ], (2.45)
and we likewise recognise the isomorphism
ĝNG
∼= ĝ⊗ C[t1, . . . , tσ]/〈t
N1
1 , . . . , t
Nσ
σ 〉. (2.46)
This extends to multiple variables the Takiff algebras considered in [20], themselves extensions to
general order N of the second-order (one-variable) Takiff algebras considered in [22,23]. We similarly
have
Vir∞G
∼= Vir⊗ C[t1, . . . , tσ], Vir
N
G
∼= Vir⊗ C[t1, . . . , tσ]/〈t
N1
1 , . . . , t
Nσ
σ 〉. (2.47)
Further generalisations of the Galilean and Takiff algebras are obtained as follows. Let s =
{s1, . . . , sρ} denote a subset of {1, . . . , σ} and N→∞s the limit where
Ns1 , . . . Nsρ →∞,
Nsi
Nsj
→ Rsisj , si, sj ∈ s. (2.48)
In this limit, the Galilean algebra ANG becomes A
∞s
G , where, for example,
ĝ∞sG
∼= ĝ⊗ C[t1, . . . , tσ]/〈t
Ns1
s1 , . . . , t
Nsρ
sρ 〉, (2.49)
Vir∞sG
∼= Vir⊗ C[t1, . . . , tσ ]/〈t
Ns1
s1 , . . . , t
Nsρ
sρ 〉. (2.50)
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3 Generalised Sugawara construction
The objective here is to construct a Sugawara operator for each Galilean affine Kac-Moody algebra ĝNG
and to show that this process commutes with the Galilean contraction procedure, thereby establishing
the commutativity of the diagram
ĝ⊗N Vir⊗N
ĝNG Vir
N
G
Sug⊗N
Gal Gal
Gal Sug
The lower branch is analysed in Section 3.1; the upper one in Section 3.2.
3.1 Galilean Sugawara construction
For the Sugawara generators of VirNG , we make the ansatz
Ti =
∑
0≤r,s<N
λr;s
i
κab(J
a
r J
b
s ), 0 ≤ i < N, (3.1)
where κab are elements of the inverse Killing form on g, and our goal is to determine the coefficients
λr,si such that
Ti ∗ J
a
j ≃
{
{Jai+j}, 0 ≤ i+ j < N,
0, otherwise.
(3.2)
To this end, we compute the operator-product expansion
Jaj (z)Ti(w) ∼
1
(z − w)2
∑
0≤r,s<N
λr;si
[
kj+rJ
a
s (w) + kj+sJ
a
r (w) + 2h
∨Jaj+r+s(w)
]
+
1
z − w
∑
0≤r,s<N
λr;s
i
κbc
[
fabd(J
d
j+rJ
c
s )(w) + f
ac
d(J
b
rJ
d
j+s)(w)
]
, (3.3)
where the dual Coxeter number h∨ of g has arisen through
κbcf
ab
df
dc
e = 2h
∨δae . (3.4)
To satisfy (3.2), the sum multiplying the single pole in (3.3) must be zero while the sum multiplying
the double pole must equal Jai+j(w). The single-pole constraint implies that
λr;s
i
=
{
λn;N−1i , r+ s = N− 1+ n (0 ≤ n < N),
0, otherwise,
(3.5)
where 1 = 1, . . . , 1. For each 0 ≤ i < N, this fixes all but the N coefficients λn;N−1i labelled by
0 ≤ n < N. The double-pole constraint then requires that
2
∑
j≤m<N
∑
0≤n≤m−j
λn;N−1
i
kN−1−m+j+nJ
a
m + 2Nh
∨λ0;N−1
i
δj,0J
a
N−1 =
{
Jai+j, i+ j < N,
0, otherwise.
(3.6)
For each i, the conditions (3.6) for j 6= 0 are all repetitions of conditions appearing for j = 0, so
it suffices to consider (3.6) for j = 0:
2
∑
0≤m<N
∑
0≤n≤m
λn;N−1i
(
kN−1−m+n +Nh
∨δn,0δm,N−1
)
Jam = J
a
i . (3.7)
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As the generators {Jam |0 ≤ m < N} are linearly independent, the constraint (3.7) translates into a
lower-triangular system of linear equations in the variables {λn;N−1i |0 ≤ n < N}. Indeed, considering
λ∗;N−1i as the N -vector with components λ
n;N−1
i ordered canonically according to n ∈ IN, such that
Mλ∗;N−1
i
=
(
δj,i
)
0≤j<N
, 0 ≤ i < N, (3.8)
the coefficient matrix M is given by
Mm,n =
{
2k′N−1−m+n, 0 ≤m− n < N,
0, otherwise,
(3.9)
for all i, where
k′m = km +Nh
∨δm,0, 0 ≤m < N. (3.10)
All the diagonal entries are thus given by 2kN−1. The only nonzero component on the righthand side
of (3.8) is a 1 in the position corresponding to i ∈ IN.
The structure of M resembles a lower-triangular Toeplitz matrix, but with some entries set to 0.
Indeed,
M =

M1
...
. . .
Mi1 · · · M1
...
. . .
...
. . .
MN1 · · · Mi1 · · · M1

, (3.11)
where each Mi1 ∈ {M1, . . . ,MN1} is an
N
N1
× NN1 lower-triangular matrix (recall that N = N1 . . . Nσ)
of the form
Mi1 =

Mi1,1
...
. . .
Mi1,i2 · · · Mi1,1
...
. . .
...
. . .
Mi1,N2 · · · Mi1,i2 · · · Mi1,1

, (3.12)
where each Mi1,i2 ∈ {Mi1,1, . . . ,Mi1,N2} is an
N
N1N2
× NN1N2 lower-triangular matrix of similar form, and
so on. The innermost lower-triangular matrices appearing in this nested description of M are Nσ×Nσ
Toeplitz matrices of the form
Mi1,...,iσ−1 =

2ki1,...,iσ−1,Nσ−1
...
. . .
2ki1,...,iσ−1,Nσ−iσ
...
. . .
. . .
2k′i1,...,iσ−1,0 · · · · · · 2ki1,...,iσ−1,Nσ−1

. (3.13)
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For the sequence N = 3, 2, 3, for example, we thus have
M = 2

k212 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
k211 k212 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
k210 k211 k212 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
k202 0 0 k212 0 0 0 0 0 0 0 0 0 0 0 0 0 0
k201 k202 0 k211 k212 0 0 0 0 0 0 0 0 0 0 0 0 0
k200 k201 k202 k210 k211 k212 0 0 0 0 0 0 0 0 0 0 0 0
k112 0 0 0 0 0 k212 0 0 0 0 0 0 0 0 0 0 0
k111 k112 0 0 0 0 k211 k212 0 0 0 0 0 0 0 0 0 0
k110 k111 k112 0 0 0 k210 k211 k212 0 0 0 0 0 0 0 0 0
k102 0 0 k112 0 0 k202 0 0 k212 0 0 0 0 0 0 0 0
k101 k102 0 k111 k112 0 k201 k202 0 k211 k212 0 0 0 0 0 0 0
k100 k101 k102 k110 k111 k112 k200 k201 k202 k210 k211 k212 0 0 0 0 0 0
k012 0 0 0 0 0 k112 0 0 0 0 0 k212 0 0 0 0 0
k011 k012 0 0 0 0 k111 k112 0 0 0 0 k211 k212 0 0 0 0
k010 k011 k012 0 0 0 k110 k111 k112 0 0 0 k210 k211 k212 0 0 0
k002 0 0 k012 0 0 k102 0 0 k112 0 0 k202 0 0 k212 0 0
k001 k002 0 k011 k012 0 k101 k102 0 k111 k112 0 k201 k202 0 k211 k212 0
k′
000
k001 k002 k010 k011 k012 k100 k101 k102 k110 k111 k112 k200 k201 k202 k210 k211 k212

,
(3.14)
written using the simplified notation ki1i2i3 = ki1,i2,i3 .
The inverse of M ,
M−1 =
(
bm,n
)
0≤m,n<N
, (3.15)
has the same nested Toeplitz-like structure, with all diagonal entries given by 1/(2kN−1). With this,
we solve (3.8) and find
λn;N−1i = bn,i. (3.16)
The Galilean Sugawara construction (3.1) is thus given by
Ti =
∑
i≤n<N
bn,i
∑
0≤t<N−n
κab(J
a
n+tJ
b
N−1−t). (3.17)
For each i, the value of the central parameter ci follows from the leading pole in the OPE
T0(z)Ti(w) ∼
∑
i≤n<N
bn,i
∑
0≤t<N−n
κabκ
abkN−1+n
(z − w)4
+
2Ti(w)
(z − w)2
+
∂Ti(w)
z − w
. (3.18)
Since kh = 0 unless h < N, the only contribution to the leading-pole term appears for n = 0, hence
for i = 0. The term thus reduces to
2 δi,0
kN−1
∑
0≤t<N
κabκ
abkN−1
(z − w)4
=
2N dim g δi,0
(z − w)4
, (3.19)
from which it follows that
c0 = N dim g, ci = 0, i 6= 0. (3.20)
This result for the central charge c0 resembles similar results [27] for Sugawara constructions associated
with so-called double extensions [26].
Vir
2,3
G algebra: To illustrate, we consider the contraction sequence N = 2, 3. In this case, σ = 2 and
N = 6, while the canonical ordering is
I2,3 : 0, 0; 0, 1; 0, 2; 1, 0; 1, 1; 1, 2. (3.21)
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The corresponding Galilean Sugawara construction is given by
T0,0 =
κab
2k1,2
[
(Ja0,0J
b
1,2) + (J
a
0,1J
b
1,1) + (J
a
0,2J
b
1,0) + (J
a
1,0J
b
0,2) + (J
a
1,1J
b
0,1) + (J
a
1,2J
b
0,0)
−
k1,1
k1,2
(
(Ja0,1J
b
1,2) + (J
a
0,2J
b
1,1) + (J
a
1,1J
b
0,2) + (J
a
1,2J
b
0,1)
)
+
(k1,1)2−k1,0k1,2
(k1,2)2
(
(Ja0,2J
b
1,2) + (J
a
1,2J
b
0,2)
)
−
k0,2
k1,2
(
(Ja1,0J
b
1,2) + (J
a
1,1J
b
1,1) + (J
a
1,2J
b
1,0) +
2k0,2k1,1−k0,1k1,2
(k1,2)2
(
(Ja1,1J
b
1,2) + (J
a
1,2J
b
1,1)
)
−
3k0,2(k1,1)2−2(k0,2k1,0+k0,1k1,1)k1,2+k′0,0(k1,2)
2
(k1,2)3
(Ja1,2J
b
1,2)
]
, (3.22)
T0,1 =
κab
2k1,2
[
(Ja0,1J
b
1,2) + (J
a
0,2J
b
1,1) + (J
a
1,1J
b
0,2) + (J
a
1,2J
b
0,1)−
k1,1
k1,2
(
(Ja0,2J
b
1,2) + (J
a
1,2J
b
0,2)
)
−
k0,2
k1,2
(
(Ja1,1J
b
1,2) + (J
a
1,2J
b
1,1)
)
+
2k0,2k1,1−k0,1k1,2
(k1,2)2
(Ja1,2J
b
1,2)
]
, (3.23)
T0,2 =
κab
2k1,2
[
(Ja0,2J
b
1,2) + (J
a
1,2J
b
0,2)−
k0,2
k1,2
(Ja1,2J
b
1,2)
]
, (3.24)
T1,0 =
κab
2k1,2
[
(Ja1,0J
b
1,2) + (J
a
1,1J
b
1,1) + (J
a
1,2J
b
1,0)−
k1,1
k1,2
(
(Ja1,1J
b
1,2) + (J
a
1,2J
b
1,1)
)
+
(k1,1)2−k1,0k1,2
(k1,2)2
(Ja1,2J
b
1,2)
]
,
(3.25)
T1,1 =
κab
2k1,2
[
(Ja1,1J
b
1,2) + (J
a
1,2J
b
1,1)−
k1,1
k1,2
(Ja1,2J
b
1,2)
]
, (3.26)
T1,2 =
κab
2k1,2
(Ja1,2J
b
1,2), (3.27)
and has central parameters
c0,0 = 6dim g, c0,1 = c0,2 = c1,0 = c1,1 = c1,2 = 0. (3.28)
3.2 Sugawara before Galilean contraction
As above, let N = N1, . . . , Nσ and N = N1 . . . Nσ. Accordingly, on the individual factors of ĝ
⊗N, we
denote the Sugawara construction by
T(i) =
κab
2(k(i) + h∨)
(Ja(i)J
b
(i)), c(i) =
k(i) dim g
k(i) + h∨
, 0 ≤ i < N, (3.29)
let T∗ and c∗ denote the corresponding N -vectors formed as in (2.20), and change basis as in (2.25):
Tǫ =
(
Ti,ǫ
)
0≤i<N
= UN(ǫ,ω)T∗, cǫ =
(
ci,ǫ
)
0≤i<N
= UN(ǫ,ω)c∗. (3.30)
It follows that
Ti,ǫ =
∑
0≤j,n,n′<N
( σ∏
ℓ=1
(ǫℓω
jℓ
ℓ )
Nℓ−1+iℓ−nℓ−n
′
ℓ
)
κab(J
a
n,ǫJ
b
n′,ǫ)
2NkN−1,ǫ
∑
0≤m<N
am
σ∏
ℓ=1
(ǫℓω
jℓ
ℓ )
mℓ
, (3.31)
where
am =
kN−1−m,ǫ +Nh
∨δm,N−1
kN−1,ǫ
, 0 ≤m < N. (3.32)
Since a0 = 1, there exist aˆm, 0 ≤m < N, where aˆ0 = 1, such that( ∑
0≤m<N
am
σ∏
ℓ=1
(ǫℓω
jℓ
ℓ )
mℓ
)−1
=
∑
0≤m<N
aˆm
σ∏
ℓ=1
(ǫℓω
jℓ
ℓ )
mℓ +O(ǫN11 , . . . , ǫ
Nσ
σ ). (3.33)
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We can thus write
Ti,ǫ =
1
2NkN−1,ǫ
∑
0≤j,n,n′,m<N
aˆm
( σ∏
ℓ=1
(ǫℓω
jℓ
ℓ )
Nℓ−1+iℓ−nℓ−n
′
ℓ+mℓ
)
κab(J
a
n,ǫJ
b
n′,ǫ)+O(ǫ
N1
1 , . . . , ǫ
Nσ
σ ), (3.34)
For each ℓ ∈ {1, . . . , σ}, the summation over jℓ yields a factor of the form
Nℓ−1∑
jℓ=0
ω
jℓ(Nℓ−1+iℓ−nℓ−n
′
ℓ+mℓ)
ℓ =
{
Nℓ, Nℓ − 1 + iℓ − nℓ − n
′
ℓ +mℓ ≡ 0 (mod Nℓ),
0, Nℓ − 1 + iℓ − nℓ − n
′
ℓ +mℓ 6≡ 0 (mod Nℓ),
(3.35)
so ∑
0≤j<N
σ∏
ℓ=1
ω
jℓ(Nℓ−1+iℓ−nℓ−n
′
ℓ+mℓ)
ℓ =
{
N, N− 1+ i− n− n′ +m ≡ 0 (mod N),
0, N− 1+ i− n− n′ +m 6≡ 0 (mod N).
(3.36)
Since N − 1 + i − n − n′ +m > −N, it follows that the Ti,ǫ-coefficients to negative powers of any of
the ǫℓ’s are all zero. The limit ǫ→ 0 is therefore well-defined, and we find
Ti,ǫ → Ti =
1
2kN−1
∑
0≤n,n′,m<N
aˆmκab(J
a
nJ
b
n′)δN−1+i−n−n′+m,0
=
∑
i≤n<N
aˆn−i
2kN−1
∑
0≤t<N−n
κab(J
a
n+tJ
b
N−1−t). (3.37)
This is seen to agree with (3.17) if
bn,i =
aˆn−i
2kN−1
(3.38)
for all i ≤ n < N, that is, if
λn;N−1i =
aˆn−i
2kN−1
. (3.39)
In the affirmative, the relations (3.39) follow from the similarity in structures of Mm,n in (3.8) and
am in (3.32). We have thus established the commutativity of Galilean contractions and Sugawara
constructions, without explicit knowledge of the coefficients bn,i and aˆn appearing in the inversion
of the coefficient matrix M and the series expansion of the denominator of Ti,ǫ, respectively. The
coefficients are readily obtained case by case, but cumbersome to express for general parameters. For
σ = 1, the coefficients are given in [20].
For the central parameters, we have
ci,ǫ =
∑
0≤j,n<N
( σ∏
ℓ=1
(ǫℓω
jℓ
ℓ )
Nℓ−1+iℓ−nℓ
)
kn,ǫ dim g
kN−1,ǫ
∑
0≤m<N
am
σ∏
ℓ=1
(ǫℓω
jℓ
ℓ )
mℓ
=
dim g
kN−1,ǫ
∑
0≤j,n,m<N
aˆmkn,ǫ
σ∏
ℓ=1
(ǫℓω
jℓ
ℓ )
Nℓ−1+iℓ−nℓ+mℓ +O(ǫN11 , . . . , ǫ
Nσ
σ ), (3.40)
so in the limit ǫ→ 0,
ci,ǫ → ci =
N dim g
kN−1
∑
0≤n,m<N
aˆmknδN−1+i−n+m,0 = N dim g δi,0, (3.41)
in accordance with (3.20).
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4 Galilean W3 algebras
Our generalised Galilean contractions can also be applied to W-algebras. Below, we present the results
for the factorisation sequence N = 2, 3 applied to theW3 algebra, giving rise to the sixth-order Galilean
algebra (W3)
2,3
G . In preparation, we first recall the structure of the W3 algebra and its second- and
third-order Galilean counterparts.
4.1 W3 algebra
The W3 algebra [28] of central charge c is generated by a Virasoro field T and a primary field W of
conformal weight 3, with star relations
T ∗ T ≃ c2{I}+ 2{T}, T ∗W ≃ 3{W}, W ∗W ≃
c
3{I} + 2{T}+
32
22+5c{Λ}, (4.1)
where
Λ = (TT )− 310∂
2T (4.2)
is quasi-primary.
4.2 Galilean W3 algebras of type (W3)
N
G
Following [20] and Section 2.2, the Nth-order Galilean algebra (W3)
N
G is generated by the fields
{Ti,Wi | i = 0, . . . , N − 1} and has central parameters {ci | i = 0, . . . , N − 1}. The star relations
involving the Ti fields are
Ti ∗ Tj ≃
ci+j
2 {I}+ 2{Ti+j}, Ti ∗Wj ≃ 3{Wi+j}, i+ j ∈ {0, . . . , N − 1}, (4.3)
and
Ti ∗ Tj ≃ Ti ∗Wj ≃ 0, i+ j ≥ N. (4.4)
As will become clear below, it is convenient to introduce
c′0 = c0 +
22N
5 . (4.5)
(W3)
2
G algebra: For N = 2, the star relations between the W -fields are given by
W0 ∗W0 ≃
c0
3 {I} + 2{T0}+
64
5c1
{Λ0,1} −
32c′
0
5c2
1
{Λ1,1}, (4.6)
W0 ∗W1 ≃
c1
3 {I} + 2{T1}+
32
5c1
{Λ1,1}, (4.7)
W1 ∗W1 ≃ 0, (4.8)
where
Λ0,1 = (T0T1)−
3
10∂
2T1, Λ1,1 = (T1T1) (4.9)
are quasi-primary with respect to T0.
(W3)
3
G algebra: For N = 3, the star relations between the W -fields are given by
W0 ∗W0 ≃
c0
3 {I}+ 2{T0}+
64
5c2
{Λ0,2}+
32
5c2
{Λ1,1} −
64c1
5(c2)2
{Λ1,2}+
32[(c1)2−c′0c2]
5(c2)3
{Λ2,2}, (4.10)
W0 ∗W1 ≃
c1
3 {I}+ 2{T1}+
64
5c2
{Λ1,2} −
32c1
5(c2)2
{Λ2,2}, (4.11)
W0 ∗W2 ≃
c2
3 {I}+ 2{T2}+
32
5c2
{Λ2,2}, (4.12)
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and
W1 ∗W1 ≃W0 ∗W2, W1 ∗W2 ≃W2 ∗W2 ≃ 0, (4.13)
where
Λ0,2 = (T0T2)−
3
10∂
2T2, Λ1,1 = (T1T1)−
3
10∂
2T2, Λ1,2 = (T1T2), Λ2,2 = (T2T2) (4.14)
are quasi-primary with respect to T0. Both (W3)
2
G and (W3)
3
G are readily seen to be (multi-)graded,
truncated according to their order (2 and 3, respectively).
4.3 Galilean algebra (W3)
2,3
G
The Nth-order Galilean algebra (W3)
N
G is generated by the fields {Ti,Wi |0 ≤ i < N} and has central
parameters {ci |0 ≤ i < N}, with the star relations involving the T fields given by (2.37) and
Ti ∗Wj ≃
{
3{Wi+j}, i+ j < N,
0, otherwise.
(4.15)
Extending (4.5), for all N, it is convenient to introduce
c′0 = c0 +
22N
5 . (4.16)
Comparing this with (3.10), one may view h∨ = 225 as the associated “dual Coxeter number”.
(W3)
2,3
G algebra: For the contraction sequence N = 2, 3, up to the equivalences (2.39), the inequiva-
lent nontrivial star relations involving the W fields are given by
W0,0 ∗W0,0 ≃
c0,0
3 {I}+ 2{T0,0}+
64
5c1,2
{Λ0,0;1,2 + Λ0,1;1,1 + Λ0,2;1,0} −
64c1,1
5(c1,2)2
{Λ0,1;1,2 + Λ0,2;1,1}
+
64[(c1,1)2−c1,0c1,2]
5(c1,2)3
{Λ0,2;1,2} −
32c0,2
5(c1,2)2
{2Λ1,0;1,2 + Λ1,1;1,1}+
64[2c0,2c1,1−c0,1c1,2]
5(c1,2)3
{Λ1,1;1,2}
−
32[3c0,2(c1,1)2−2(c0,1c1,1+c0,2c1,0)c1,2+c′0,0(c1,2)
2]
5(c1,2)4
{Λ1,2;1,2}, (4.17)
W0,0 ∗W0,1 ≃
c0,1
3 {I}+ 2{T0,1}+
64
5c1,2
{Λ0,1;1,2 + Λ0,2;1,1} −
64c1,1
5(c1,2)2
{Λ0,2;1,2} −
64c0,2
5(c1,2)2
{Λ1,1;1,2}
+
32[2c0,2c1,1−c0,1c1,2]
5(c1,2)3
{Λ1,2;1,2}, (4.18)
W0,0 ∗W0,2 ≃
c0,2
3 {I}+ 2{T0,2}+
64
5c1,2
{Λ0,2;1,2} −
32c0,2
5(c1,2)2
{Λ1,2;1,2}, (4.19)
W0,0 ∗W1,0 ≃
c1,0
3 {I}+ 2{T1,0}+
32
5c1,2
{2Λ1,0;1,2 + Λ1,1;1,1} −
64c1,1
5(c1,2)2
{Λ1,1;1,2}
+
32[(c1,1)2−c1,0c1,2]
5(c1,2)3
{Λ1,2;1,2}, (4.20)
W0,0 ∗W1,1 ≃
c1,1
3 {I}+ 2{T1,1}+
64
5c1,2
{Λ1,1;1,2} −
32c1,1
5(c1,2)2
{Λ1,2;1,2}, (4.21)
W0,0 ∗W1,2 ≃
c1,2
3 {I}+ 2{T1,2}+
32
5c1,2
{Λ1,2;1,2}, (4.22)
where, for i+ j ≥ N− 1,
Λi; j = (Ti Tj)−
3
10∂
2TN−1δi+j,N−1 (4.23)
is quasi-primary with respect to the Virasoro generator T0. It follows that the sixth-order Galilean
algebra (W3)
2,3
G is multi-graded, with truncation dictated by the sequence 2, 3.
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5 Discussion
In our continued exploration [9, 11, 20] of Galilean contractions, we have presented a generalisation
of the contraction procedure to multi-graded Galilean algebras. Our construction uses factorisations
of the order parameter N , and has resulted in whole new families of higher-order Galilean conformal
algebras, including Virasoro, affine Kac-Moody and W3 algebras. We have also discussed how some of
these algebras are related to a multivariable extension of Takiff algebras.
W -algebras related to Takiff algebras were introduced in [29,30] and constructed as principal W -
algebras built on the centralizer of a nilpotent element in gl(n). The construction is carried out in the
context of (Poisson) vertex algebras, and it appears natural that it is linked to the one presented here.
In particular, the nilpotent element being characterised by a partition λ = λ1, λ2, . . ., the algebras have
an indexation comparable to N = N1, N2, . . . used in our multi-graded contraction procedure.
Other avenues for future work include asymmetric contractions and free-field realisations. Asym-
metric Galilean N = 1 superconformal algebras were constructed in [10, 31–33] from a Galilean con-
traction of the tensor product SVir ⊗Vir, where one contracts the Virasoro subalgebra of an N = 1
superconformal algebra, SVir, with a separate Virasoro algebra. The ensuing Galilean superconformal
algebra can be viewed as encoding a (1, 0) supersymmetry. This was extended in [20] to a contraction
of the asymmetric tensor product W3 ⊗ Vir, giving rise to a Galilean W3 algebra generated by fields
T0, T1,W . There is significant freedom in such contractions, and we hope to return elsewhere with a
partial classification of the inequivalent Galilean algebras that can arise this way.
Free-field realisations [34–43] are ubiquitous in conformal field theory, and we find it natural to
expect that they will continue to play a central role when Galilean conformal symmetries are present.
Some work on this has been done [33, 44, 45], but a systematic approach and general results remain
outstanding. We hope to report such advances in the near future.
Acknowledgements
ER thanks The SMRI International Visitor program at The University of Sydney, and The University
of Queensland (UQ), for their support during his visit to UQ in September 2019. JR was supported by
the Australian Research Council under the Discovery Project scheme, project number DP160101376.
CR was funded by a University of Queensland Research Scholarship.
References
[1] G. Barnich, B. Oblak, Notes on the BMS group in three dimensions: I. Induced representations,
JHEP 06 (2014) 129, arXiv:1403.5803 [hep-th].
[2] G. Barnich, G. Compe´re, Classical central extension for asymptotic symmetries at null infinity in
three spacetime dimensions, Class. Quant. Grav. 24 (2007) F15–F23, arXiv:gr-qc/0610130.
[3] A. Bagchi, R. Gopakumar, Galilean conformal algebras and AdS/CFT, JHEP 07 (2009) 037,
arXiv:0902.1385 [hep-th].
[4] A. Hosseiny, S. Rouhani, Affine extension of Galilean conformal algebra in 2 + 1 dimensions, J.
Math. Phys. 51 (2010) 052307, arXiv:0909.1203 [hep-th].
[5] A. Bagchi, R. Gopakumar, I. Mandal, A. Miwa, GCA in 2D, JHEP 08 (2010) 004, arXiv:0912.1090
[hep-th].
[6] A. Bagchi, R. Fareghbal, BMS/GCA redux: towards flatspace holography from non-relativistic
symmetries, JHEP 10 (2012) 092, arXiv:1203.5795 [hep-th].
15
[7] H. Afshar, A. Bagchi, R. Fareghbal, D. Grumiller, J. Rosseel, Higher spin theory in 3-dimensional
flat space, Phys. Rev. Lett. 111 (2013) 121603, arXiv:1307.4768 [hep-th].
[8] H.A. Gonza´lez, J. Matulich, M. Pino, R. Troncoso, Asymptotically flat space times in three-
dimensional higher spin gravity, JHEP 09 (2013) 016, arXiv:1307.5651 [hep-th].
[9] C. Raymond, Extended Galilean conformal algebras in two dimensions, MPhil thesis, The Univer-
sity of Queensland (2015).
[10] A. Campoleoni, H.A. Gonzalez, B. Oblak, M. Riegler, BMS modules in three dimensions, Int. J.
Mod. Phys. A 31 (2016) 1650068, arXiv:1603.03812 [hep-th].
[11] J. Rasmussen, C. Raymond, Galilean contractions of W -algebras, Nucl. Phys. B 922 (2017) 435–
479, arXiv:1701.04437 [hep-th].
[12] D. Grumiller, M. Riegler, J. Rosseel, Unitarity in three-dimensional flat space higher spin theories,
JHEP 07 (2015) 015, arXiv:1403.5297 [hep-th].
[13] C.R. Hagen, Scale and conformal transformations in Galilean-covariant field theory, Phys. Rev. D
5 (1972) 377–388.
[14] U. Niederer, The maximal kinematical invariance group of the free Schro¨dinger equation, Helv.
Phys. Acta 45 (1972) 802–810.
[15] M. Henkel, Schro¨dinger invariance in strongly anisotropic critical systems, J. Stat. Phys. 75 (1994)
1023–1061, arXiv:hep-th/9310081.
[16] J. Negro, M.A. del Olmo, A. Rodr´ıquez-Marco, Nonrelativistic conformal groups, J. Math. Phys.
38 (1997) 3786–3809.
[17] J. Lukierski, P.C. Stichel, W.J. Zakrzewski, Exotic Galilean conformal symmetry and its dynamical
realisations, Phys. Lett. A 357 (2006) 1–5, arXiv:hep-th/0511259.
[18] Y. Nishida, D.T. Son, Nonrelativistic conformal field theories, Phys. Rev. D 76 (2007) 086004,
arXiv:0706.3746 [hep-th].
[19] C. Duval, P.A. Horva´thy, Non-relativistic conformal symmetries and Newton-Cartan structures,
J. Phys. A: Math. Theor. 42 (2009) 465206, arXiv:0904.0531 [math-ph].
[20] J. Rasmussen, C. Raymond, Higher-order Galilean contractions, Nucl. Phys. B 945 (2019) 114680,
arXiv:1901.06069 [hep-th].
[21] S.J. Takiff, Rings of invariant polynomials for a class of Lie algebras, Trans. Amer. Math. Soc.
160 (1971) 249–262.
[22] M. Henkel, R. Schott, S. Stoimenov, J. Unterberger, The Poincare´ algebra in the context of ageing
systems: Lie structure, representations, Appell systems and coherent states, Confluentes Math. 4
(2012) 1250006, arXiv:math-ph/0601028.
[23] A. Babichenko, D. Ridout, Takiff superalgebras and conformal field theory, J. Phys. A: Math.
Theor. 46 (2013) 125204, arXiv:1210.7094 [math-ph].
[24] K. Thielemans, An algorithmic approach to operator product expansions, W-algebras and W-
strings, PhD thesis, University of Leuven (1994), arXiv:hep-th/9506159.
[25] R. Caroca, P. Concha, E. Rodr´ıguez, P. Saldago-Rebolledo, Generalising the bms3 and
2D-conformal algebras by expanding the Virasoro algebra, Eur. Phys. J. C 78 (2018) 262,
arXiv:1707.07209 [hep-th].
16
[26] A. Medina, P. Revoy, Alge`bres de Lie et produit scalaire invariant, Ann scient. E´c. Norm. Sup. 18
(1985) 553–561.
[27] J.M. Figueroa-O’Farrill, S. Stanciu, Nonsemisimple Sugawara constructions, Phys. Lett. B 327
(1994) 40–46, arXiv:hep-th/9402035.
[28] A.B. Zamolodchikov, Infinite additional symmetries in two-dimensional conformal quantum field
theory, Theor. Math. Phys. 63 (1985) 1205–1213.
[29] A.I. Molev, E. Ragoucy, Classical W-algebras for centralizers, arXiv:1911.08645 [math.RT].
[30] A.I. Molev, W -algebras associated with centralizers in type A, arXiv:2002.02218 [math.RT].
[31] G. Barnich, L. Donnay, J. Matulich, R. Troncoso, Asymptotic symmetries and dynamics of three-
dimensional flat supergravity, JHEP 08 (2014) 071, arXiv:1407.4275 [hep-th].
[32] G. Barnich, L. Donnay, J. Matulich, R. Troncoso, Super-BMS3 invariant boundary theory from
three-dimensional flat supergravity, JHEP 01 (2017) 029, arXiv:1510.08824 [hep-th].
[33] N. Banerjee, D.P. Jatkar, I. Lodato, S. Mukhi, T. Neogi, Extended supersymmetric BMS3 algebras
and their free field realisations, JHEP 11 (2016) 059, arXiv:1609.09210 [hep-th].
[34] V. Dotsenko, V. Fateev, Conformal algebra and multipoint correlation functions in 2D statistical
models, Nucl. Phys. B 240 (1984) 312–348.
[35] M. Wakimoto, Fock representations of the affine Lie algebra A
(1)
1 , Commun. Math. Phys. 104
(1986) 605–609.
[36] D. Friedan, E. Martinec, S. Shenker, Conformal invariance, supersymmetry and string theory,
Nucl. Phys. B 271 (1986) 93–165.
[37] V.A. Fateev, S.L. Lukyanov, The models of two-dimensional conformal quantum field theory with
Zn symmetry, Int. J. Mod. Phys. A 3 (1988) 507–520.
[38] B. Feigin, D. Fuchs, Representations of the Virasoro algebra, in Representations of Lie groups and
related topics, A.M. Vershik, D.P. Zhelobenko (eds.), Gordon and Breach (1990), pp 465–554.
[39] P. Bouwknegt, K. Schoutens, W-symmetry in conformal field theory, Phys. Rept. 223 (1993)
183–276, arXiv:hep-th/9210010.
[40] E. Frenkel, Free field realizations in representation theory and conformal field theory,
arXiv:hep-th/9408109.
[41] J. Rasmussen, Applications of free fields in 2D current algebra, PhD thesis, The Niels Bohr Insti-
tute, University of Copenhagen (1996), arXiv:hep-th/9610167.
[42] J. Rasmussen, Free field realizations of affine current superalgebras, screening currents and primary
fields, Nucl. Phys. B 510 (1998) 688-720, arXiv:hep-th/9706091.
[43] H.G. Kausch, Symplectic fermions, Nucl. Phys. B 583 (2000) 513–541, arXiv:hep-th/0003029.
[44] N. Banerjee, D.P. Jatkar, S. Mukhi, T. Neogi, Free-field realisations of the BMS3 algebra and its
extensions, JHEP 06 (2016) 024, arXiv:1512.06240 [hep-th].
[45] D. Adamovic, G. Radobolja, On free field realizations of W (2, 2)-Modules, SIGMA 12 (2016) 113,
arXiv:1605.08608 [math.QA].
17
